Mathematica 11.3 Integration Test Results

Test results for the 51 problemsin "1.1.2.6 (g x)"m (a+b x"2)"p (c+d
x"2)Aq (e+f xA2)Ar.m"

Problem 28: Result unnecessarily involves higher level functions.

(ex)™ (A+Bx?)
J(a+bx2)2 (c+dx?)
Optimal (type 5, 206 leaves, 5 steps):

(Ab-aB) (ex)™™
2a(bc-ad)e (a+bx?)

(Ab(bc(1-m)-ad(3-m))+aB(ad(1-m)+bc (1+m)))

1+m 3+m b x2

_7]_

(e x) " Hypergeometric2F1[1, s s
2 2 a

dx

1

.
2a? (bc—ad)ze (1+m)

d (Bc-Ad) (ex)¥™Hypergeometric2Fi|1, 1;'", 3;'", - dé‘z}
c (bc—ad)ze (1+m)
Result (type 6, 377 leaves):
acx (ex)"
1+m
ac (3+m) AppellF1| -

3+m b x? d x?

-2

2 1+m
A (3+m)?AppellF1| A , 2,1, - s
a C

/[

|

5+m b x2 d x?

34m b x2 d x? 5 3+m
2,1, ,——,——}—Zx adAppellFl[ , 2, 2, - —, - }Jr
2 a C 2 2 a C
3+ 5+m b x?2 d x?
2bcAppellFl| —, 3, 1, s m— - —] .
2 2 a C
5 3+ 5+m b x? d x?
B (5+m) x? AppellF1[ —, 2, 1, ym s~ ] /
2 2 a C
3+m 5+m b x2 d x2
ac (5+m) AppellFl[——, 2, 1, e e
2 2 a C
) 5+m 7+m b x? d x?
2x? |adAppellF1[—, 2, 2, y——, - |+
2 2 a C
5+m 7+m b x? d x?
2bcAppe11F1[;, 3,1, i e )])/((3+m) (a+bx2)2(c+dx2))
2 2 a C
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Problem 29: Result unnecessarily involves higher level functions.
(ex)™ (A+Bx?)
J(a+bx2)3 (c+dx?)

Optimal (type 5, 342 leaves, 6 steps):
(Ab (bc (3-m)-ad (7-m))+aB(ad(3-m)+bc (1+m))) (ex)*"
N

8 a2 (bcfad)ze (a+bx?)

dx

(Ab-aB) (ex)™n

4a(bc-ad)e (a+bx2)2
! Ab (azd2 (15—8m+m2) -2abcd (5—6m+m2) + b2 c? (3—4m+m2)) +

8a3 (bc—ad)3e (1+m)
aB (bzc2 (17m2) -2abcd (3+2m7m2) -a?d? (374m+m2)))
1+m 3+m bxz]

(e x) '™ Hypergeometric2F1 [1, , ,
2 2 a

d2 (Bc—Ad) (e x)lm HypergeometricZFl[l, LT"', N T

c(bc-ad)’e (1+m)

Result (type 6, 377 leaves):

acx (ex)"
5 1+m 3+m b x2 d x? 1+m
A (3+m)?AppellF1| , 3,1, ,——,——]/ (1+m) [ac (3+m) AppellF1]| s
2 2 a C 2
3+m b x2 d x? 5 3+m 5+m b x? d x?
3,1, » - -——] -2x* |adAppellF1[—, 3, 2, y——, - |+
2 a C 2 2 a C
3+ 5+m b x? d x?
3bcAppellF1[—, 4, 1, Y T +
2 2 a C
) 3+ 5+m b x? d x?
B (5+m) x* AppellF1[——, 3, 1, ,7—,7—}/
2 2 a C
3+ 5+m b x? d x?
ac (5+m) AppellF1[——, 3, 1, yo—y -—] -
2 2 a C
) 5+m 7+m b x2 d x?
2x? |adAppellF1[>—, 3, 2, e e
2 2 a C
5+m 7+m b x? d x?
3bcAppellF1[;, 4,1, : Y )])/(<3+m> (a+bx2)3(c+dx2))
2 2 a C

Problem 34: Result unnecessarily involves higher level functions.

J (ex)™ (A+Bx?)
(a+bx?) (c+dx2)2
Optimal (type 5, 205 leaves, 5steps):

dx
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(BcfAd) (e x)m . b (AbfaB) (ex)1+mHyper‘geometr‘iczFl[l, 1;m, 3?'": *%2} .
2c (bc-ad)e (c+dx?) a(bc—ad)ze(1+m)
((bc(Bc(lm)Ad(3m))+ad(Ad(1m)+Bc(1+m))) (e x)tm

2
Hypergeometric2F1[1, 1+m, 3+m, —d—x] /(Zc2 (bc-ad)’e (1+m))
2 2 C

Result (type 6, 377 leaves):

acx (ex)"

2 1+m 3+m d x? b x2 1+m
A (3+m)?AppellF1[——, 2, 1, ,——,——]/ (1+m) |ac (3+m) AppellF1[——,
2 2 C a 2
3+m d x? b x? 5 3+m 5+m d x? b x?
2, 1, s - - ——] -2x* |bcAppellF1[~——, 2,2, —, - —, - ]+
2 C a 2 2 C a
3+m 5+m d x? b x?
2adAppellF1[—, 3, 1, s =y =] +
2 2 C a
) 3+m 5+m d x? b x2
B (5+m) x?* AppellF1| , 2,1, ,7—,7—}/
2 c a
3+ 5+m dx®> bx?
ac (5+m) AppellF1[——, 2, 1, A T
2 2 C a
5 5+m 7+m d x? b x2
2x? |bcAppellFl[ —, 2, 2, y——y - |+
2 2 C a
5+m 7+m d x? b x2
2adAppellF1[;, 3,1, : Y T )])/(<3+m) (a+bx?) (c+dx2)2)
2 C a

Problem 35: Result unnecessarily involves higher level functions.

(ex)™ (A+Bx?)
J dx
(a+bx2)2(c+dx2>2
Optimal (type 5, 304 leaves, 6 steps):
d (Abc-2aBc+aAd) (ex)" (Ab-aB) (ex)™"
+
2ac(bc—ad)2e(c+dx2) 2a(bc-ad)e(a+bx?) (c+dx?)

(b (Ab (bc(1-m)-ad (5-m))+aB(ad(3-m)+bc(1+m))) (ex)*"

/(Za2 (bc—ad)3e (1+m)) -

1+m 3+m bxz]

Hypergeometric2F1[1, s , - —
2 2 a

(d (bc(Bc(3-m) -Ad (5-m)) +ad (Ad(1-m)+Bc (1+m))) (ex)*"

/(Zc2 (bc-ad)’e (1+m))

1+m 3+m dxz]

Hypergeometric2Fi|1, , B
2 2 C

Result (type 6, 375leaves):
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) 1+m 3+m bx* dx?
acx (ex)™ | |A(3+m) AppellFl[—, 2, 2, ,—7,—7}/
2 a C
1+m 3+m b x2 d x? 5 3+m
(1+m) [ac (3+m) AppellFl[—, 2, 2, y - - ——] -4x* |adAppellF1[ —,
2 a C 2
5+m b x2 d x? 3+m 5+m b x? d x?
2, 3, y - —, - | +bcAppellF1| —, 3, 2, s =y~ ] +
2 a C 2 2 a C
5 3+m 5+m bx? dx?
B (5+m) x? AppellF1]| » 2, 2, ,-—,-—}/
2 2 a C
3+m 5+m b x? d x?
ac (5+m) AppellFl[——, 2, 2, e e
2 2 a c
5 5+m 7+m b x2 d x?
4x* |adAppellFl| —, 2, 3, -, - ]+
2 2 a C

7+m b x? dxz}

2 a C

]])/ ((3”") (a+bx?)? <C+dx2)2)

5+m
b cAppellFl[——, 3, 2,
2

Problem 36: Result unnecessarily involves higher level functions.

dx

J (ex)"™ (A+Bx?)
(a+bx?)® (c+dx?)?
Optimal (type 5, 491 leaves, 7 steps):

7((d (A(4a*d*-b*c® (3-m) +abcd (11-m))-aBc (ad (11-m)+bc (1+m))) (ex)l*’“)/
(Ab-aB) (ex)"

(Sazc (bc—ad)3e (c+dx?)

+

)+4a (bc-ad)e (a+bx2)2 (c+dx?)
((Ab(bc(3-m)-ad(9-m))+aB(ad (5-m)+bc (1+m))) (ex)l*’“)/
(Sa2 (bc—ad)ze (a+bx?) (c+dx2>) +

(b (aB (b*c* (1-m?*) -2abcd (5+4m-m?) —a®d® (15-8m+m?)) +
Ab (a®d® (35-12m+m?) -2abcd (7-8m+m?) +b>c® (3-4m+m?))) (ex)*"

/(Sa3 (bc—ad)4e (1+m)) +

(dz (bc(Bc(5-m) ~Ad (7-m)) +ad (Ad (1-m)+Bc (1+m))) (ex)*"

. 1+m 3+m  bx?
Hypergeometric2F1|1, s s - —]
2 2 a

. 1+m 3+m dx?
Hypergeometric2F1l [1, » > T T ]
2 2 d

/(Zc2 (bc—ad)4e (1+m))

Result (type 6, 379 leaves):
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acx (ex)"
2 1+m 3+m b x2 d x? 1+m
A (3+m)?AppellF1| , 3,2, ,-—,-—]/ (1+m) [ac (3+m) AppellFi]| s
2 2 a C 2
3+m b x2 d x? 5 3+m 5+m b x2 d x?
3, 2, , -~ -——] -2x*|2adAppellF1| —, 3, 3, y - — - ]+
2 a C 2 2 a C
3+ 5+m b x? d x?
3bcAppellFl|——, 4, 2, s m— - —] N
2 2 a C
5 3+m 5+m b x? d x?
B (5+m) x? AppellF1[——, 3, 2, ,7—,7—}/
2 2 a C
3+m 5+m b x2 d x2
ac (5+m) AppellFl[——, 3, 2, e e
2 2 a C
5 5+m 7+m b x? d x?
2x* |2adAppellFl[—, 3,3, —, - —, - |+
2 2 a C
5+m 7+m b x2 d x?
3bcAppellF1[;, 4, 2, L,——,——] )])/(<3+m) (a+bx2)3(c+dx2)2)
2 2 a C

Problem 41: Result unnecessarily involves higher level functions.
(ex)™ (A+Bx?)
J(a+bx2) (c+dx?)?

Optimal (type 5, 333 leaves, 6 steps):
(Bc-Ad) (ex)™n

dx

+

4c(bc-ad)e <c+dx2)2

((bc(Bc(3-m)-Ad (7-m)) +ad(Ad(3-m)+Bc (1+m))) (ex)l*’“)/
b? (Ab-aB) (ex)!"Hypergeometric2F1[1, ", ", _M]
(8c2 (bc—ad)ze(c+dx2))+ 2’ 2 a 1,
a(bc—ad)3e(1+m)

((bzc2 (Bc(1-m)-Ad (5-m)) (3-m)-a*d* (1-m) (Ad (3-m)+Bc (1+m))+

2abcd (Bc (3+2m-m?*) +Ad (5-6m+m?))) (ex)™"
2
Hypergeometric2F1|[1, 1+m, 3+m) _d_x] /(SC3 (bc—ad)3e (1+m))
2 2 C

Result (type 6, 377 leaves):
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acx (ex)"
2 1+ 3+m d x2 b x? 1+m
A (3+m)?AppellF1[——, 3, 1, ,-—,-—]/ (1+m) [ac (3+m) AppellFi]| s
2 2 C a 2
3+m d x? b x? 5 3+m 5+m d x? b x?
3, 1, » -~ -——] -2x* |bcAppellF1[ —, 3, 2, ,——, - ]+
2 C a 2 2 C a
3+ 5+m d x? b x?
3adAppellFl|——, 4, 1, s m s ] +
2 2 C a
5 3+m 5+m d x? b x?
B (5+m) x* AppellF1[——, 3, 1, ,7—,7—}/
2 2 C a
3+m 5+m d x2 b x2
ac (5+m) AppellFl[——, 3, 1, e e
2 2 C a
5 5+m 7+m d x? b x?
2x* |bcAppellF1[~——, 3,2, —, - —, - |+
2 2 C a
5+m 7+m d x? b x2
3adAppellF1[;, 4,1, : Y T )])/(<3+m) (a+bx?) <c+dx2)3)
2 2 C a

Problem 42: Result unnecessarily involves higher level functions.
(ex)™ (A+Bx?)
J(a+bx2)2 (c+dx?)?

Optimal (type 5, 452 leaves, 7 steps):
d (2Abc-3aBc+aAd) (ex)™"

dx

(Ab-aB) (ex)™"
N

4ac(bc—ad)2e(c+dx2)2 +2a(bc—ad)e(a+bx2) (c+dx2)2
(d (A (4b>c?-a%d? (3-m) +abcd (11-m)) -aBc (bc (11-m) +ad (1+m))) (ex)¥") /

(Sac2 (bc-ad)’e (c+dx2>) +

[bz (Ab(bc(1-m)-ad(7-m))+aB(ad (5-m) +bc (1+m))) (ex)*™"
2
Lem 3em —b—X] /(Za2 (bc—ad)4e(1+m))—

Hypergeometric2F1|1, , ,
2 2 a

(d (b>c* (Bc (3-m) ~Ad (7-m)) (5-m) -a*d* (1-m) (Ad (3-m)+Bc (L+m))+

2abcd (Bc (5+4m-m?) +Ad (7-8m+m?) )} (ex)™"
2
Hypergeometric2F1|[1, 1+m, 3+m) —d—X] /(Sc3 (bc-ad)®e (1+m))
2 2 c

Result (type 6, 379 leaves):
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acx (ex)"

2 1+m 3+m b x? d x? 1+m
(A(3+m) AppellF1| , 2,3, e /[(1+m) c (3+m) AppellF1| s
2 a C 2
3+m b x2 d x? 5 3+m 5+m b x2 d x?
2, 3, ,77,77}—2x (3adAppellF1[2 , 2,4, X y ——, - }Jr
a C

2 a c
5+m b x? d x?

, -2, 4

I3

3+
2bcAppellFl| —, 3, 3,
2 2 a C

5 3+m 5+m b x2 d x?
B (5+m) x?AppellF1[ ——, 2, 3, R e /
2

2 a C

3+m 5+m b x? d x
[ac (5+m) AppellF1[——, 2, 3, ym— - —] -
2 2 a c
) 5+m 7+m b x? d x?
X (3adAppe11F1[, 2, 4, y - —, - ]+
2 2 a C
2 2
2bcAppellF1[5+—m, 3, 3, 7+m, _b_x) _d_x] )])/(<3+m) (a+bx2)2(c+dx2)3)
2 2 a c

Problem 43: Result unnecessarily involves higher level functions.

(ex)™ (A+Bx?)
J dx
(a+bx?)? (c+dx?)?
Optimal (type 5, 665 leaves, 8 steps):
—((d (A(2a*d*-b*c® (3-m) +abcd (13-m)) -aBc (ad (11-m)+bc (1+m))) (ex)“’“)/
(Ab-aB) (ex)m"
a(bc-ad)e (a+bx?)? (c+dx2)2

+

(8a2c (bc-ad)’e (c+dx2)2)) +

((Ab ( (3-m) -ad(11-m)) +aB(ad (7-m)+bc (1+m))) (ex)l*"‘)/
(8a% (bc-ad)?e (a+bx?) (c+dx?)?) +
(d (A(bc+ad) (b*c*(3-m)+a*d* (3-m)-2abcd (9-m))+aBc
(2abcd (11-m) +b*c* (1+m) +a*d® (1+m))) (ex)l”")/(s.azc2 (bc—ad)4e(c+dx2))+

(bz (aB (b*c? (1—m2) -2abcd (7+6m-m2) —a?d? (35-12m+m2)) +

Ab (a*d* (63-16m+m’) ~2abcd (9-10m+m?) +b>c* (3-4m+m?)}) (ex)™"

2
Hypergeometric2F1|[1, 1+m, 3+m) _b_x] /(Sa3 (bc—ad)se(1+m)) +
( - )+BC(1+m>)+

2 2 a

[dz (B¢ (Be (5-m) ~Ad (9-m)) (7-m) -a2d? (1-m) (Ad

1+m

2abcd (Bc (7+6m—m ) +Ad (9 10m+m2>))

/ (bc-ad) (1+m))

1+m 3+m

Hypergeometric2F1|[1, ,
2

Result (type 6, 375leaves):
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1+m

3+m b x? d x?
13: ) )’7)*7}
2 a C

/

acx (ex)"

(A (3+m)?AppellF1|

1+m 3+m b x2 d x2 5 3+m
(1+m) [ac (3+m) AppellF1l[—, 3, 3, , - - ——] -6x* |adAppellF1[ —,
2 a C 2
5+m b x2 d x? 3+m 5+m b x? d x?
3, 4, , - —, - ——| +bcAppellF1[—, 4, 3, ye— - — ||+
2 a C 2 2 a C
5 3+m 5+m b x2 d x2
B (5+m) x?AppellF1[ —, 3, 3, ,_—,_—}/
2 2 a C
3+m 5+m b x? d x2
ac (5+m) AppellFl[——, 3, 3, yo— - —] -
2 2 a C
5 5+m 7+m b x2 d x2
6x* |adAppellFl[—, 3, 4, s - — ]+
2 2 a C
5+m 7+m b x? d x?
bcAppellFl[;, 4, 3, ’ s m sy — ] ]])/((3+m) (a+bx2>3(c+dx2)3)
2 2 a C

Problem 47: Result more than twice size of optimal antiderivative.

dx

J(ex)"‘ (a+bx?)P (A+BxX?)

c+dx?

Optimal (type 6, 162 leaves, 6 steps):

c-Aa] (0x)°% (2B (12| ppettea[ 52, 5, 3, 2, -2, 5]
7 cde (1+m) ’
B (ex)™" (a+bx?)P (1+ bai)p Hypergeometric2F1[£", —p, >, - baxz]

de (1+m)

Result (type 6, 446 leaves):



Mathematica 11.3 Integration Test Results for 1.1.2.6 (g x)~"m (a+b x"2)"p (c+d x~2)"~q (e+f x 2)~r.nb

1+m 3+m b x2 d x?
x(ex)m(a+bx2)p[ch2 (3+m)AppellF1[;,—p, 1, ;,—7,—7]+
2 2 a C
1+m 3+m b x? d x?
aAcd (3+m) AppellF1[——, -p, 1, s —— |+
2 2 a C
2\ P " 1+m 3+m b x2 d x?
B |1+ (c+dx) ac(3+m)Appe11F1[—,—p, 1, ,——,——]+
a 2 2 a C
5 3+m 5+m b x? d x? 3+m
2x* |bcpAppellF1[~—,1-p, 1, —, - ——, - ——]| -adAppellF1[ —, -p,
2 2 a C 2
5+m b x2 d x? . 1+m 3+m b x?
2, » - —— - ——] || Hypergeometric2Fi| s —Ps y -] /
2 a C 2 2 a
5 1+m 34m b x? d x?
d(1+m) (c+dx?) |ac (3+m) AppellF1[——, -p, 1, e e
2 2 a C
5 +m 5+m b x? d x?
2x bcpAppellFl[i,l—p,l, , - —— _7}_
a c
3+m 5+m b x? d x?
adAppellF1[~——, -p, 2, e
2 2 a C

| 9
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Summary of Integration Test Results

51 integration problems

A - 42 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



